ON THE STABILITY OF CERTAIN SPIN MODELS IN 2 + 1 

DIMENSIONS 



I. BEJENARU, A. D. IONESCU, AND C. E. KENIG 

Abstract. In this paper we prove large-data local stability theorems for several 
spin-field models in two dimensions, both in the focusing case (spherical target) 
and the defocusing case (hyperbolic target). 
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1. Introduction 

In this paper we consider several 2-dimensional spin models. One of these models 
is the hyperbolic-elliptic Ishimori system 

d t s = s x (d 2 x s - dys) + d x s ■ d y ( + d y s ■ d x (, A( = 2s ■ (d x s x d y s), 

where the spin s is defined in an open set of M 2 x K. and takes values into the 
2-dimensional sphere § 2 . The Ishimori system, proposed by Ishimori [7], is an inte- 
grable topological spin field model. The local and the global regularity properties of 
the Cauchy problem associated to the Ishimori system have been studied extensively, 
see for example [6], [8], [12] and [16]. 



I. B. was supported in part by NSF grant DMS0738442. A. I. was supported in part by a 
Packard Fellowship. C. K. was supported in part by NSF grant DMS0456583. 

1 



2 



I. BEJENARU, A. D. IONESCU, AND C. E. KENIG 



We consider in this paper both focusing and defocusing spin systems. To ana- 
lyze them in a unified, geometric framework we define, for ft = ±1, the connected 
Riemannian manifolds S^, 

S 1 = S 2 = {y = (y , y u y 2 ) G R 3 : y 2 + y\ + y\ = 1}; 

5_i = H 2 = {y = (y ,yi,y 2 ) e R 3 : y\ - y\ - y\ = l,y > 0}, 1 ' 

with the Riemannian structures induced by the Euclidean metric gi = dy^+dyf+dy^ 
on Si, respectively the Minkowski metric g_i = — dy\ + dy\ + dy\ on S-\. Thus 
S\ is the 2-dimensional sphere § 2 , while S-\ is the 2-dimensional hyperbolic space 
H 2 . Given fi = ±1 and two vectors v = t (v , vi, v 2 ) and w = t (w ,wx,W2) in R 3 , we 
define their inner product 

V -ft W = g^V, w) = l V ■ 7^ • W = flV W + ViW! + v 2 w 2 , (1.2) 

where t]^ = diag(/i, 1, 1). We define also the cross product 

v x M w := 7/ M • (v x w), (1.3) 

where v x w denotes the usual vector product of vectors in R 3 . Simple computations 
show that, for fi = ±1 and u , w G R 3 

D - M (v x^w) = w (t> x M w) = 0, 

(1.4) 

x m > (V X M to) = /i(w v)(w > ttf) - fi{v - M W) 2 . 

In this paper we consider the spin-field models on R 2 x I 

d t s = s x M (s u + es 22 ) + S1C2 - es 2 Ci> AC = 2 fis (s 1 x^ s 2 ), (1.5) 

where e, /iG{ — 1,1} and / C R is an open interval. The functions s : R 2 x / — > 
and ( : R 2 x / —>■ R in (11.51) are assumed to be sufficiently smooth functions, and 
si = d x s, s 2 = d y s, su = <9 2 s, s 22 = <9 2 s, Ci = <9*C, C2 = d y (, and A( = (<9 2 + d 2 )(. 

Spin-field models of this type have been studied in the literature. The pair 
(e, fi) = (—1,1) corresponds to the hyperbolic-elliptic Ishimori system introduced 
in [7j. The defocusing case fi — — 1, when the target is the hyperbolic plane H 2 , 
has been introduced and studied in [9]. The pair (e, fi) = (1, 1) corresponds to the 
incompressible spin fluid system, see [PJ. In this case the spin model (jl.5p becomes 

d t s = s x As + S1C2 - S2C1) AC = 2s ■ (si x s 2 ), (1.6) 

which is a correction of the classical Heisenberg model (Schrodinger map equation) 

d t s = sx As. (1.7) 

This correction was proposed by Volovik [TU] on physical grounds, for restoration of 
the correct linear momentum density of the ferromagnets. We emphasize that the 
mathematical analysis of the Cauchy problem associated to the corrected system 
(11.61) is much simpler than the analysis of the Cauchy problem associated to the 
Heisenberg model (11.71) . The algebraic effect of the correction si( 2 — s 2 (i in the 
right-hand side of (11.61) is to cancel the magnetic components of the nonlinearities of 
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the corresponding modified spin system, see section [2] for details, which significantly 
simplifies the analysis of these nonlinearities. This algebraic cancellation is a key 
feature of all the systems we consider in this paper. 

We consider "classical" solutions of the spin-field models (11. 5p . For a > 1 we 
define the spaces of functions 

H° = H; = {fe Cl(R 2 : S,) : dj, d 2 f G H a ~ 1 }, (1.8) 

where C^(R 2 : S^) denotes the space of bounded C 1 functions / : R 2 — > 5 M . For 
/, g G H a we define 

2 

d„(f,g) = \\f-g\\L~ + J2\\ d ™(f-9)\\ H °-i, (1-9) 

m=l 

and observe that (H a ', d a ) is a metric space. 

We fix, say, cr = 10, and consider solutions s G C(I : H u °) of (II. 5ft . where ICR 
is an open interval. Given such a solution s, the function ( in (11.51) can be defined 
as follows: we use the equation A( = 2/xs - M (si x M s 2 ) G C(J : L 1 fl L°°) to define 

Ci = -/2iV- 1 [2//s > (si x^s 2 )], C 2 = - J R 2 V- 1 [2/i S> ( Sl x„s 2 )], (1.10) 

where the operators V -1 , -Ri, and i? 2 are defined by the Fourier multipliers 

an d ^2/|^| respectively. The functions £i and £ 2 are continuous functions 
on R 2 x / and £1, C2 G C(J : L P (R 2 )) for any p > 2. The function ( is defined as the 
unique C l function on R 2 x I satisfying 

5iC = Ci, <9 2 c = C 2 , C(o,o,t) = o. (1.11) 

Thus C £ C X (R 2 x / : R) is determined uniquely by s using (11.101) and (11.111) . In 
other words, at least for classical solutions s G C{I : H a °) the spin model (11.51) is 
equivalent to the evolution equation 

d t s = s x M (s u + es 22 ) + siC 2 - es 2 (i, Cm = -R m V~ 1 [2^s - M (s x x M s 2 )]. 

For g = 0,1,2,3 let 

C\I : # ff °) = {s GC(J : n C 9 (R 2 x I : : 

d? s G C(J : H a °- 2q '),q' = 0, . . . ,g}. 

Let 

7? = {(/, gr) : I C R is an open interval and g EC 3 (I : H a °)} 
with the natural partial order 

(/, (?) < (/', </) if / C /' and g'(t) = g(t) for any t G /. 
Our first theorem is a large-data local regularity result. 
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Theorem 1.1. (a) Assume o"o = 10, e G { — 1, 1}, and f G H a ° . Then there is a 
unique maximal solution (1(f), s) of the initial-value problem 




s (sn + es 22 ) + S1C2 - es 2 Ci, Cm = --RmV 1 [2/is (si x M s 2 )], 



where 1(f) CM. is an open interval and s G C 3 (I(f) : H u °). 

(b) Let I + (f) = 1(f) n [0,oo) and J_(/) = !(/) n (-00, 0]. T/ien 

if h(f) bounded then \\\Ds\\\ L i tiR 2 XI+{f)) = 00, 

if I -(f) bounded then \\ \Ds\ \\ L 4 (R2 x /_(/)) = 00, 

2 

l^ 5 ! := [ ^ mS > ^ mS ] 1/2 - 



;i.i2) 



m=l 



In other words, we prove that any classical data admits a unique maximal classical 
extension as the solution of the spin system (11.121) . This solution extends as long as 
the critical space-time scattering norm |||£)s|||l4 stays bounded, where \Ds\ is the 
covariant gradient^ of s as defined above. This is similar to well-known theorems on 
scalar equations, such as the 2-dimensional L 2 -critical NLS 

(id t + A x )<p = ±|0| 2 0, 0(0) = 0o e L 2 . 

We prove also a stability result. For this we need semidistance function^ d 1 : 
H<ro x h«o _^ [0, 00) and p) : C 3 (J : H a °) x C 3 (J : H a °) -> [0, 00), defined for any 
open interval ICR, which satisfy 

C^CQ) = Hl^llUa, p)(g,C Q ) = |||^||U-L| (R 2 x/) + |||^||| L * t (K2 x/) , 

siipd 1 ^*), </(*)) < pK<?, </) for any g,g' G C 3 (J : if CT °), {Lli) 
tei 

where, for any Q G S^, cq denotes the constant function cq(.) = Q. We define these 
semidistance functions precisely in section O and prove some of their properties in 
Proposition 15.11 Intuitively, one could think of d 1 (f,f) and p 1 (/,/') as nonlinear 
ways to measure the "distance" between the functions /, /', at a critical level (com- 
pare with p,13p ). in our geometric setting in which the usual "difference" /' — / is 
not geometrically relevant. Semidistance functions of this type have been used in 
recent work of Tao [18J on global regularity of wave maps. 
Our stability result is the following: 



1 The norm \Ds\ is well defined since v - M v > for any vector v tangent to at some p G S^. 
2 A function p : X x X — > [0, 00) is a semidistance function on X if p(f,g) = p{g,f) and 
P(f, h) < p(f, g) + p(g, h) for any f,g,he X. 
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Theorem 1.2. Assume that f G H a ° and define the maximal solution (1(f), s) as 
in Theorem \l.l\ Assume that J C /(/), G J, is an open interval such that 

N(f, J) := 111-0/1111,2(152) + |||-Ds||| L 4 (R 2 Xj) < oo. 
Then there is 5 = 5(N(f, J)) > with the following property: if 

f'eH°° and d\f,f)<6 

then 

J C 1(f), and pfa^SNM&faf). 

The identities in f l 1 . 1 3 [) and Theorem 11.21 (with / = cq) can be combined to prove 
the following small-data global well-posedness result. 

Corollary 1.3. There is 5 > such that if f G H u ° and |||D/|||x,2 < So then the 
initial-value problem (jl,12p admits a unique global solution s G C(R : H a °) and 

\\\Ds\\\ L f=Ll^xK) + \\\Ds\\\ L i t ^,2 xR ) < \\\Df\\\ L 2. 

In addition, if f, f G H a ° , \\\Df\\\ L 2, \\\Df'\\\ L 2 e [0,S ], and s,s' G C(R : H a °) are 
the corresponding solutions, then 

Pk(s,s')<d\f,n 

The global regularity part of Corollary 1 1 . 31 has been proved by Chang and Pashaev 
[3], at least in the case e = /i = 1. The proof in [3] relies on perturbative analysis 
of the "modified spin system" (which is derived using the generalized Hasimoto 
transform) and the key cancellation of the magnetic terms of the nonlinear it ies of 
the modified spin system discussed in the paragraph following (11. 6p and (II. 7p . These 
are two of the main ideas we use in this paper as well. See also [12], [S], [IS] for 
other small-data global regularity results for spin models. 

The rest of the paper is organized as follows: in section [2] we derive the modified 
spin system, by taking derivatives d m s of the spin s, and decomposing these deriva- 
tives in a suitable Coulomb gauge. The idea of using geometric gauges to analyze 
spin models appears to have been used for the first time in [3], in the context of 
the Schrodinger map equation (ll.7p . This idea was also used in [8], [10], and by 
the authors in [1] and [2]. The entire construction is geometric and can be written 
invariantly. We prefer however to use an elementary extrinsic point of view in this 
paper, as in [T] and [2], in which we exploit the fact that the targets Si and S_i are 
iso metrically imbedded into the Euclidean space (R 3 , gi) and the Minkowski space 
(M 3 , g_i) respectively. The point of the construction is to link geometric equations, 
such as the spin model (I1.12p . to systems of nonlinear scalar equations, such as the 
modified spin system in Proposition 12.21 

In section [3] we analyze the modified spin system and prove regularity and sta- 
bility results for this system, see Propositions 13.11 and 13. 2[ Our analysis is based 
on Strichartz estimates, as well as estimates for the nonlinearities of the modified 
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equations, both at the critical level and the smooth level. These nonlinear estimates 
are much easier than the corresponding nonlinear estimates in the Schrodinger map 
model, proved in [1] and [2], due to the absence of magnetic terms in the nonlinear- 
ities of the modified spin system. 

In section H] we prove Theorem ll.lt we start from the maximal solution of the 
modified spin system constructed in Proposition (13.11) and construct the maximal 
solution of the spin system (11.121) . as well as a suitable Coulomb frame, by solving 
several linear ODE's. 

In section we prove Theorem 11.21 we define first the critical semidistance func- 
tions d 1 and p\, by taking suitable critical norms of differences of the fields ip m con- 
structed using the Coulomb gauge. A nonlinear construction of this type was used re- 
cently by Tao [TS], in the setting of wave maps (using the caloric gauge instead of the 
Coulomb gauge, which is more suitable for the study of wave maps in 2 dimensions). 
Then we use the stability result Proposition 13.21 on the differentiated fields ip m to 
prove Theorem 11.21 We prove also several additional properties of the semidistance 
function d 1 in Proposition I5.lt invariance under dilations and translations of the 
domain M. 2 , invariance under the action of isometries of the target S^, continuity on 
H ao x H ao , and a precise description of the set {(/, /') G H ao x H a ° : d}{f, f) = 0}. 

In section [6] we derive the connection between the Ishimori systems, which corre- 
spond to e = — 1, and the Davey-Stewartson equations, starting from our modified 
spin systems. This connection is well known, see for example [6], [9], [IT] , or [16J, 
at least in the focusing case /x = 1. The analysis in this paper can then be com- 
bined with the global analysis of the defocusing Davey-Stewartson II equation, see 
[T3]-rT5], to give global solutions of the defocusing Ishimori system in the case of 
large classical data, constant outside a compact set (see Theorem 16. ip . It would 
be desirable, of course, to prove such a large data global regularity result in the 
defocusing non-integrable case (e, /i) = (1, —1). 

In appendix |A] we give a simple self-contained proof of the existence and unique- 
ness (up to the choice of the frame at one point) of a global Coulomb gauge, suitably 
synchronized in time. This construction is well known, see for example [3] or [TO] . 

2. The modified spin system 

In this section we derive the modified spin system, using a Coulomb gauge. As- 
sume in this section that fi G { — 1,1}, I C Mis an open interval, to £ I, and 
s G C 3 (I : if " ). For any point p G M 2 x J, we fix a small open set U p in M 2 x I, 
p G Up, and a C 3 orthonormal frame in T S 5 M , i.e. two functions v,w G C 3 (U p : M 3 ) 
such that 

v- fJi v = l, v- fJj s = 0, w = sx^v in Up. (2.1) 
Easy computations, using also s s = \i and (11.41) . show that, in U p 

w "n v = w - M s = 0, w- fl w = l, vx^w = ns, wx fl s=v. (2.2) 
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We define the differentiated variables ip m : U p — > C, 

Vv = v ^ d m s + iw - M <9 m s, m = 0,1,2, (2.3) 
where do = dt, and the real connection coefficients A m : U p — > R, 

A m = w <9 m t>, m= 0,1,2. (2.4) 



Clearly s <9 m s = v d m v = w d m w = 0, for m = 0, 1, 2. Since the vectors 
s(p') , v(p') , w(p') form an orthonormal basis for (M 3 , g M ), for every p' G £/ p , it follows 
that 

<9 m s = v$l(ip m ) + wQ(if) m )', 

d m v = -siM(ip m ) + wA m ; (2.5) 
d m w = -sfiQ(4j m ) - vA m . 

Using (I2.5P it is easy to verify that ip m , A m satisfy the curl type relations 

(di + iAi)^ m = (d m + iA m )^i, m, J = 0,1, 2. (2.6) 

Thus with the notation D m = d m + iA m we can rewrite this as 

Drt/>m = D m ^, m,Z = 0,1, 2. (2.7) 

Direct computations using the definitions and (I2.5P show that 

diA m - d m Ai = ^(ipiipm) := qi m , m, 1 = 0, 1,2. (2.8) 

Thus the curvature of the connection is given by 

D/Dm — D m D« = iqim, m, J = 0,1, 2. (2.9) 

If, in addition, the frame (v, w) can be defined such that the Coulomb condition 

dxAx + d 2 A 2 = 

is satisfied in U p , then the identities ( 12. 8ft show that 

2 

Av4 m = ^^g /m , m = 0,1,2. 
i=i 

We will show first that there is indeed a global C 3 frame (v,w), unique up to the 
choice of v(0,0,t ), such that the identities above can be formally inverted, in the 
sense that ipi^ G C(I : L 1 n L°°), l,m = 0, 1, 2, and 

2 

A m = -^V-^[//3(VWQ], m = 0,l,2. 
/=i 

The construction of such global Coulomb frames is, of course, well known, see for 
example [3J or [10]. We provide all the details here for the sake of completeness. 
We start with the following simple observation: while the fields ip m depend on the 
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choice of v, the functions ipiip m , I, m = 0, 1, 2 do not depend on this choice. Indeed, 
if (v ', w') is another frame around the point p then 

v' = v cos x + w sin x, w' = — v sin x + w cos x, 

for some real- valued function x-, which gives ip' m = e~ lx ip m . Therefore, given s E 
C 3 (I : H a °) we can define 9 canonical functions ipiip m , m,l — 0, 1, 2. 

Since s(t) is bounded for any t E I, the functions v (., .,£) : M 2 — > M 3 are 

bounded for any t E I, thus ipitp m E C(I : L 1 fl L°°). Moreover, if we work only with 
local C 3 frames v, w with derivatives bounded uniformly on compact subintervals 
J C I, we deduce that d n (ipiip m ) E C(I : L 1 fl L°°), n,m,l = 0, 1, 2. To summarize, 

CeC 2 (R 2 x/), E C{I:L l n L°°), n, m, I = 0, 1, 2. (2.10) 

Thus, we can define C 1 functions Ad, At, A : R 2 x I — > K by the formulas 

2 

An = - ^ V-^/iS^VQ]. (2.11) 
i=l 

We show now that there are global C 3 Coulomb frames (v,w) on R 2 x J such that 
the coefficients An = w > <9 m t>, ra = 0, 1, 2 (see (12 .4p ) agree with the coefficients A m 
defined in (12. lip . More precisely: 

Proposition 2.1. Assume I EM. is an open interval, t Q E I, and s E C 3 (I : H a °). 
Assume Q E R 3 , Q - M s(0,0,t ) = 0, Q - M Q — 1. Tnen tnere are unique functions 
v,w E C 3 (R 2 x I : R 3 ) with the properties 

v- fl s = 0, v- ll v = l, w = sx fl v, v(0,0,t ) = Q, (2.12) 

and 

A m = w- lx d m v, m = 0,1,2. (2.13) 
In addition, if ip m = v - M <9 m s + 2U> •„ <9 m s, m = 0, 1, 2, inen ^ m E C(I : H 4 ) and 

{d l + iA i )i/> m = (d m + iA m )il> l , m, J = 0,1, 2. (2.14) 
and, /or m = 0, 1, 2, 

d m v = -s(i$l(if) m ) + wA m ; (2.15) 
<9 m u> = -s^{ijj m ) - vA m . 

We provide a complete proof of Proposition 12.11 in the appendix. 
We convert now the spin system (I1.12p into a system of equations involving the 
fields if) m . Assume I C R is an open set and s E C(I : IP ) satisfies the equation 

d s = s x u (s n + es 2 2) + S1C2 - esaCi, Cm = --R m V _1 [2/is - M (si x M s 2 )]. (2.16) 
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We fix a global Coulomb frame (v, w) as in Proposition 12.11 and define the fields 
ip m and the connection coefficients A m = A m , m — 0, 1, 2, such that the identities 
ipnj) - (|23]) and fl2TTD hold in R 2 x I. Using we have 

2/is (si s 2 ) = 2//s ■„ [(v9ft(V>i) + wQ(ih)) */i + ^(^ 2 ))] 

= 2 / iW 1 )3(^)-3(^)K(^)) 
= -2gi 2 . 

It follows that 

Ci = 2i? 1 V- 1 (g 12 ), C2 = 2R 2 V~\q l2 ). (2.17) 
Using (12. 3p and (12.51) into the first equation in (12. 16j) we compute 
d s = s x M (s n + es 22 ) + S1C2 - es 2 Ci 

= s x M [vid&fa) - A&fa)) + u>(0l9#O + - ^|^| 2 ] 

+ es x M [v(^K(V 2 ) - A 2 3# 2 )) + w(d 2 %(^ 2 ) + A 2 U(i> 2 )) - HV> 2 | 2 ] 
+ (vfttyi) + w9f(Vi))C 2 - e{v^ 2 ) + w9f(^))Ci 

- v [ - - e<9 2 3(^ 2 ) - AiSfi(Vi) - e^W 2 ) + C 2 &(Vi) - <1 W2)] 

+ w [mfa) + ed 2 ^ 2 ) - A&fa) - eA 2 9# 2 ) + C 2 3#i) - <i3# 2 )] • 

Thus 

^0 = « > + iw > <9 4 s = i(Di^i + eD 2 ^ 2 ) + C 2 ^i - e&Vb- ( 2 -!8) 
Using the (12.71) and (I2.9p . for m = 1,2 we derive 

DoV'm = D m ^o = zD m (Di^i + eD 2 ^ 2 ) + D m (C 2 ^i - eCi^ 2 ) 

= z(D 2 + eD 2 )?/> m - q ml if)! - eq m2 i\) 2 + C 2 Di^m - eCiD 2 ^ m + ^i<9mC 2 - e0 2 <9 m Ci- 

(2.19) 

By direct computation 
z(D 2 + eD 2 )?/> 

= %{d\ + e«9 2 2 )V - 2A x diV> - 2eA 2 d 2 ip - ipd^ - e^d 2 A 2 - i{A{ + eA 2 2 )tfj. 
Hence, the equations for ip m , m = 1, 2, are 

do^pm - + ed 2 )ip m = (( 2 - 2A 1 )d 1 ip m - e(Ci + 2A 2 )d 2 i\) m - q ml ifa - eq m2 ip 2 

+ ipid m (2 - eip 2 d m d + ^mi-dtAi - ed 2 A 2 - %A\ - ieAj + iC, 2 A 1 - iedA 2 - iA ). 

(2.20) 

Using now the identities (12. lip (recall A m = A m ) and (12.171) . we notice that the 
magnetic terms (£ 2 — 2Ai)diip m and — e(£i + 2A 2 )d 2 ip m in the right-hand side of 
(I2.20p vanish. This cancellation, which is due to the correction terms in the spin 
field models (11.51) . is the main reason for the simplicity of these models compared 
to the Heisenberg model. 
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To finish our computation, we observe that we have formulas, in terms of the func- 
tions ipi,ip2, of all the functions in the right-hand side of (I2.20p . with the exception 
of A . To compute A , using (12. lip . 

2 

A = -fiJ2 V-^OMM- (2.21) 
i=i 

Using (|2IBJ, (gZEBj) (with Ci = -2A 2 , C2 = 2A X ), and the identity ^ • D m ^ m = 
d m (i>ii>m) - ■ D m Vz> we derive 

3(<MM = -K(W ■ (D^i + eD 2 ^ 2 )) - 3f(^(2A 1 ^i + 2eA^ 2 )) 



-di^iVi) - em(^2) + WiD^z) + eSR(^ 2 D 2 ^) - 29#,(A a V>i + eA 2 ^ 2 )) 

1 

2« 



-<9i3?(V#i) - editotyifo) + ^(lV»i| 2 + <#a| 2 ) - 23(^(^1 + ^2)). 



Thus 

2 

A = /i ^ e m+1 ^i? m (K(^ m )) + |(|^i| 2 + e|^2| 2 ) 

m,l=l . . 

(2.22) 

+ 2(1 e m+1 |V|- 1 i?^(A m ^). 

m,Z=l 

We summarize our results so far in the following proposition: 

Proposition 2.2. Assume s e C(I : H a °) is a solution of the equation (12. 16ft . 
Assume that v,w is a Coulomb frame onM? x I as in Proposition ^. 1\ and let 

i>m = V' tl d m s + iw 'p d m s, A m = w- I1 d m v, 

(2.23) 

qi m = diA m - d m Ai = ^Q?(V# m ), 

for m, I = 0, 1, 2. Then ipi,ip 2 £ C(I : H 4 ) and 

A 2 = -V- l R x {q l2 ), A x = V- l R 2 (q 12 ), 



(2.24) 



2 

m,l=l m=l 



In addition, the fields ip m , m — 0, 1, 2, satisfy the equations 

id t ip m + (df + ed 2 )ip m = iAf m , 

2 (2 25) 

N m = -iA tfj m + e m [M-Qmi + 2d m Ai) + ^m{-diA { + %A 2 )\ . 
1=1 

and 

^0 = idifa + ied 2 ^ 2 + A^i + eA 2 ip 2 . (2.26) 
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3. Regularity and stability of the modified spin system 

In this section we analyze the modified spin system constructed in Proposition 
12 .21 We will prove first a large-data local regularity result. 

Proposition 3.1. Assume = (0i,02) e TP 0-1 x TP 0-1 . 

(a) There is a unique maximal open interval 1 (0) , G 7(0), and a unique solution 
if, = V2) e C(7(0) : H^- 1 ) x C(7(0) : if' 70 - 1 ) of the system of equations 

idt^pm + (c% + ed 2 )^ m = ij\f m , ^m(O) = <j> m , (3.1) 

where 



N m = -%A^) m + bPi(diA m + d m Ai) + ^(-d^ + iA 2 



2 V 



(3.2) 



9 i2 = (iStyiih), A 2 = -V^Riiqu), A x = V- 1 R 2 {qi 2 ), 

2 2 
A = f iYl e ™ +1 [RiRmHJrtm)) + 2\V\- 1 Rft(A m ij m W l )] +^J2 em+1 ^" 

m,l=l m=l 

(b) Let 7 + (0) = 7(0) n [0,oo) ; 7_(0) = 1(0) n (-00, 0]. Then 

2 

tf I+{4>) bounded then ||^ m ||i,4 i (Ra x / + (^) = 00, 

m=l 
2 

tfI-{4>) bounded then ^ \\4>m\\L* tt QPxi-{4>)) = 00 • 

m=l 

(cj Assume, in addition, that the compatibility condition 

{d l + iA 1 )i) 2 = {d 2 +iA 2 )^ 1 (3.3) 

/ioWs on IR 2 x {0}. T/ien t/ie identities (compare with (12. 7p and (12.91) ) 

D^ m = D m ^z, <9;A m - <9 OT A; = i&tytfn), m,l = 0, 1, 2, (3.4) 

/ioW m IR 2 x 1(0), where D m = <9 m + iA m and 

ipo = i(Diipi + eD 2 ^ 2 ) + 2A 1 ij} 1 + 2eA 2 ip 2 . 

We will also prove a stability result. 

Proposition 3.2. Assume G TP 0-1 x H" ^ 1 and construct the maximal extension 
(7(0), -0) as m Proposition ^ '. 11 Assume J C 7(0) zs a compact interval, G 7. 7e£ 

%j = IIIV'IIIl^xj) + H 2 = l^il 2 + l^ 2 | 2 , |0| 2 = |0i| 2 + |0 2 | 2 - 

T/ien t/iere zs So = So(N^ t j) with the following property: if 0' G H an ~ l x H a °~ l and 

f 2 ) = S < S 



12 I. BEJENARU, A. D. IONESCU, AND C. E. KENIG 

then 

2 

J C I ((f)') and H-^m - A/ '« l |l(LiL2 + L^ 3 )(R2xJ) %**,J 6 ' 



t x' x,t ■ 

m=l 



3.1. Linear and nonlinear estimates. The linear evolution associated to the 
modified spin system is 

id t u + (d 2 x + ed 2 2 )u = g. (3.5) 

It was established in [5] that this linear evolution enjoys dispersive properties similar 
to those of the Schrodinger evolution, in the sense that the standard Strichartz 
estimates hold. 



Lemma 3.3. If (p,p') and (q,q') are dual pairs, ~ + A = | ; 2<p< oo, I C 



IS 



an open interval and t G /, then for any solution of (I3.5P on M 2 x I, 

\\u\\{L T Ll^ t Ll)(^xI) <P |K*o)||l» + IMI (l i L 2 +l p' l «' )(R 2 x/) - (3-6) 

To control higher regularity norms it is convenient to use Littlewood-Paley de- 
compositions. Given an open interval I C R we define the Banach spaces X a (I), 
o > 0, 

X ff (J) = {(f) G C(J : if") : 

Hh°(D = (E( 1 + 22,7fc )ll P ^ll(^n^)( K2 x/)) 1/2 < oo}, ( 3 - 7 ) 
fcez 

where denote smooth Littlewood-Paley projections^ We will measure the non- 
linearities M m in the normed spaces Y£ defined by the norm 

Wy „ m= (£(l + 2^)||P*0||* «,^/ /2 . (3.8) 
fcez 

It follows from (13. 6p that if / C M is an open interval, to G /, and id t u + (df + ed%)u = 
g on M 2 x /, then 

IMI(L-L2 nL 4 t)(M 2 x/) < ||«(to)||ia + lbll( L iL2 +L 4/3 )(R2x/) , 

IMIxf < IK*o)||ff- + IM|y/, fo r any tr G [0, cr - 1]. 
Using the Littlewood-Paley square function estimate we notice that 



(LfLlr\L% t )(R 2 x/) < 11011x0(7), 

< u (3-10) 



We estimate now the nonlinearities M m - 



3 More precisely, the operators Pfc, fc G Z, are defined by the Fourier multipliers £ — > Xfc(lCl), 
where = Vo{(J>/2 k ) — T]o(fi/2 k ^ 1 ) an d ?7o : K — » [0, 1] is an even smooth function supported in 

the interval [—8/5,8/5] and equal to 1 in the interval [—5/4,5/4]. 
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Proposition 3.4. Assume that I C R is an open interval, ipm £C(J: H 4 ), m = 
1,2, and define N m as in (13.21) . Assume also that 

2 



m=l 

Then 

2 

E \\Nm\\ (L i L 2 +L */3 m 2 XI) ^ a 3 , (3.12) 



m=l 

and, if ip m G X CT0_1 (J), m = 1,2, i/ien 

2 2 

(3.13) 

m=l m=l 

Assume, in addition, that ij)' m G C(J : -ff 4 ), m = 1,2, a/so satisfy (13. lip . A/^ are 
defined as in (13.21) . and /ei 

2 

& = E \W™ ~ ^\\ {Ll 2 L ^ nLt tm2xI) < 2a. 

m=l 

Then 

2 

E " ^11(^X1+^)^X7) ~ A ( 3 - 14 ) 

m=l 

and, i/^ G X* 70 " 1 ^), m = 1,2, taen 

2 2 
E ~~ A/" m ||y CT0 -i(/) < ^ E ll^m - ^m|U-0-i(/) 



m=l m=l 

2 



(3.15) 



+ E(ll^™IU-o-i(/) + HV'mllx-o-i^)) 
m=l 



The rest of this subsection is concerned with the proof of Proposition 13.41 The 
bounds (13~T2l) and (I3TT31 clearly follow from (ETT3J) and fl3~T5]) with ip' m = 0. For 
simplicity of notation, let = LfL^IR 2 x /) in the rest of the proof. To prove 

the bound (I3.15I) we work with frequency envelopes. For o = oo — 1 we define, for 
any fceZ, 

2 

a) = E[sup2-l fc - fc 'l/ 20 2 CTfe '(||P fe ^ m || L c» iinilt + \\PM\ LrLlr}Ltt )}, (3.16) 



a k 
and 



m=l 



6,(0-) = E[ su P 2H ^' l/2 ° 2CTfc 'll^'(^-^)llL r L?nLtJ- (3-17) 



, k'&L 
m=l 



7 m||x CT (/)5 



(3.20) 
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The envelope coefficients satisfy the inequalities 

2 2 

£^) 2 £ £(lhM*- w + IIC!IW))> £ W < £ lie - ^ 

fceZ m=l fceZ m=l 

(3.18) 

M*) < 2 |fc - fc ' l/20 a fc ( ( x), fc^a) < 2l fc - fc 'l/ 20 6 fc ( ( r), (3.19) 

and 

\\PM\ LT LlnLi tt + \WJ\ L ?LlnLi tt < 2- CTfc a fc (cr), 

\\P k ^' m -^ m )\\ L f>LinLU <2~"%(a), 

for m = 1, 2 and k, k' e Z. The following simple lemma will be used several times 
in this section. 

Lemma 3.5. Assume f,g G C(I : L 2 ) and Pi,qi G [l,oo], i = 1,2,3, satisfy 
1/pi + l/p 2 = 1/P3 + V<?2 = l/?3- -for k eZ let 

Pk= £ H^WL^'i, ^fc= £ \\ p k'9\\ L pLl 2 - 

|fc'-fc|<20 |fc'-fc|<20 

Let 

P=\\f\\L?I&, V = IblLfil 2 " 

TTien, /or any k e Z, 

£p*'. (3-21) 

fc'>fc fc'>fc 

Proof of Lemma \3.5[ We decompose 

P fc (/g) = P k {P<k-if ■ P[k~3,k+3}9) + Pk(P[k-3,k+3]f ■ P<k-i9) 

+ P k (P k J ■ P k2 g), ( 3 - 22 ) 

ki,k2>k— 3, | fei— fc2|<8 

where, for any interval J C R, Pj = J2je.jPj anc ^ = -^-ooj]- The Doun d fl3.21j) 
follows since H-P^/ILf^S 1 < p and ||P<jo|| L ^ L 9 2 < v for any jGZ. □ 

We analyze now the coefficients of ip m in the nonlinearities M m . Recall the for- 
mulas, see Proposition 12.21 

q 12 = A 2 = -V^R^qn), A 1 = S/- l R 2 {q l2 ), 

2 2 

A = fj, [RiRm{$(Wii> m )) + 2\V\- 1 R l Q(A m ^ m W l )} + | ^ e m+1 \^ m \ 2 . 

m,l=l m=l 

(3.23) 
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Lemma 3.6. Assume ip m , ip' m , m = 1,2, are as in Proposition \3.4\ and define 
A m , A' m , m = 0, 1, 2, as in (I3.23P . Assume 

(G, G') G {(A , A' ), (Al Af), (d m A h d^), ^ m J u tfJPj : m, I = 1, 2}. 

Then 

\\G\\ L 3/2 L3 L2 +\\G'\\ 3 /2 l3 l2 <a 2 . (3.24) 

and, for any k G Z, 

||PfcG|| L 3/2 L 3 +L2 ^ + ll-PfcG"|| L 3/2 L 3 +L2 ^ < a2~ ak a k (a) , o~ = 0~Q 1. (3.25) 
Moreover, 

- G hrLi + L h z «*> ( 3 - 26 ) 

and, for any k G Z, 

||P fc (G' - G)|| L 3/ 2L 3 +L 2 1 < a2- CTfc 6 fc (o) + 62- CTfc a fc (o). (3.27) 

Proof of Lemma \3.6l We observe that the bounds (13.241) and (13. 25j) are implied by 
( 13.261) and ( 13.271) respectively. We prove first the bound ( 13.261) . Using the bounded- 
ness of the Riesz transforms on L P (IR 2 ), p G (1, oo), it is clear that 



m=l 



if (G,G') G {(9 m A{,9 m ^),(V'm'0J)V'mV'O : mj = 1,2}. In addition, using the 
Sobolev embedding it follows that 

2 2 

P'm - A m \\ L z L% < \\q 12 - q'i 2 \\ L 3 L l^ ^ a Yl W^m ~ ^lUtt" ( 3 ' 28 ) 

m=l m=l 

In particular, 

2 

E[ll A ™ll^ + ll^llL?Lg]<a 2 , (3.29) 



m=l 



thus 



Z=l m=l 



as desired. Finally, assume that (G,G') = (A ,A' ). For the quadratic terms in 
the right-hand side of ( 13.231) we use the bound (13.261) for (G,G') = (ip m ^i, ipm^D, 
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m, I G {1,2}, which is already proved, and the boundedness of the Riesz transforms. 
For the remaining cubic terms we estimate using (13.281) . for m, I — 1, 2, 

\\V- 1 Rl%A' m %l)' m lpl - A w VW0i)ll L 3/2 L3 < WA^Ip^Ipl - Am^mlplW ,3/2 6/5 

u t ^x x 

< \\A! m - A m \\q Ll \\^ m ^i\\ L 3 L z,2 + P^lli^ill^^-^^ILa^ 
<a 3 6. 

This completes the proof of the bounds (13.26!) and (13.241) . 

It remains to prove the bound (I3.27p . If (G,G') G {{d m A h <9 m AJ), (V'mV'Jj V'mV'D : 
m, / = 1, 2} then, using fl3T2TD and fl3TT8|) - (l3^0|) . we estimate 

||P fc (G' - G)|| Llt < a ^ k 'h'(a) + 6 ^ ak 'a kl (a) < a2^ k b k (a) + b2~° k a k (a), 

k'>k k'>k 

as desired. Using again the bounds (13.211) and (I3.18I) - (I3.20I) we estimate, for m = 1, 2 
and fceZ, 

||P fc (^-A m )|| L?L 6 < ||P A (^-^)IL fZ 3/ 2 

< a £ 2^%^) + & E ^M*) (3.30) 
<a2-° k b k (a) + b2-° k a k (a). 

In particular, 

ll^(A m )|| L a L 6 + \\P k (A' m )\\ L s L% < a2-° k a k (a). (3.31) 
Recall also the bounds fl3T28l) and fl3T29|) . Using again (13T2T|) and fl3~T8|) - (l3T20|) . 

\\P k (A' m 2 - ^)|| L 3 /2L| < a 2 b2-° k a k (a) + a 3 2^ k b k (a), 

as desired. Finally, assume (G, G') = (A , A' ). For the quadratic terms in the right- 
hand side of (13.231) we use the bound (I3.27P for (G,G') = (ipmiphipmip'i), which was 
proved earlier. For the remaining cubic terms we use first (I3.18I) - (I3.20I) and (13.2 1[) 
to conclude that 

^mWl)\\ L s L m < b2-° k a k (a) + a2^%(a), 
for k G Z and m, I — 1, 2. In particular 

II^CV'^ILs^ + \\Pk{^mWi)\\q L ^ < a2- ak a k {a). 

Also, 

Wm^'l ~ ^m^l\\ L 3 L 3/2 < ab, 11^^11x3^3/2 + \\^ m 1pl\\ L 3 L 3/2 < d* . 

t X t £ X 
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Recall also the bounds (1X281) . (I3~29l) . (13T30D . (00) for the coefficients A m , m = 1,2, 

ll^m - AnlUfZg ^ ofe, ||A m || L 3 L 6 + ||AjJ| X 3 L 6 < a 2 , 

\\P k (A' m - A m )\\ LM < a2~° k b k (a) + b2^ k a k (a), 
11^(^)11^6 + \\P k (A' m )\\ LM < a2-° k a k (a). 
Combining these bounds with (13.211) leads to 

\\P k [V- 1 R l ^A' m ^'JJ>) - V- 1 i? / 3(A m ^)]|| L 3/ 2L3 

t x 

^ ll P fc(^m^m^/ - A m ll; m 1pi)\\ 3/2 6/5 

t x 

<a 3 2-° k b k (a) + a 2 b2~° k a k (a). 
This completes the proof of the lemma. □ 
We complete now the proof of Proposition 13.41 Recall the formula 



2 

M m = -%A^ m + e ' +1 [MdiA m + d m A{) + ipmi-diAt + iA\ 
i=i 



The bound (I3.14p follows from this formula and the bounds (I3.24p and (I3.26p . The 
bound fl3TT2|) follows from iOl with i[)' m = 0. 

To prove (13 . 1 5[) we use the bounds (I3.24I) - (I3.27I) . as well as the bounds 

ll^mlli* t + HVCIU* t ^ a , \Wm ~ VUUj,, % b, 

\\Pk^ m )hi it + < 2- ak a k (a), \\P k W m -Vm)||^ £ 2- CTfc 6 fc (a), 

for m = 1,2. Using (13.211) it follows that for any k G Z 

2 

V \\P k {M' m - A^)|| 4/3 < ab2-° k a k (a) + a 2 2^ k b k (a). 

m=l 

Thus, using (l3~T8l) 

feez 

<a 4 



E II - ^m||x-(7) + « 2&2 E 

(W^'mllx* (I) + H^mllx^!))- 
m=l m=l 

Using the second inequality in (13.101) and (13.141) 

E - w n^ l+ ^ < « 4 E lie - vwiijj tnL , 



• 12 r 12/5- 



fcez m=l 

The bound (I3.15P follows from the last two estimates and the first bound in (13.101) . 
This completes the proof of Proposition 13.41 
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3.2. Proof of Proposition [3.11 and Proposition 13.21 

Proof of Proposition\3J\ (a). Given (0i,0 2 ) e H" " 1 x H" ' 1 , it follows from (13T9D 
that for any e > there is T e = T £ (\\(f)i\\ H <r -i + ||02||h ct o- 1 ) > such that 

II it{df+ed%)± II < 7 = 12 

where J £ = (—T e ,T £ ). A standard fixed-point argument, combining the linear es- 
timates f)3.9p and the nonlinear estimates in Proposition 13.41 shows that there is 
e > sufficiently small and a unique solution (ipi,ip2) £ A A<T °~ 1 (/ £ ) of the system 

In addition, it is easy to combine the nonlinear estimate ( 13.141) and the linear 
estimate (13.61) to prove the following uniqueness statement: assume I C R is an 
open interval and if) = (if>i, if> 2 ), if>' = (ip[, ^' 2 ) £ C(I : H A ) x C(I : H A ) are solutions 
of the equations 

id t ipm + {d\ + ed 2 2 )if) m = iAf m , id t if)' m + (d\ + ed 2 2 W m = iW m , 

on R 2 x I for m = 1,2, where J\f m ,J\f^ n are defined as in (13.21) . If, in addition, 
(to) = if)' (to) for some t G I then if) = ip' on /. 

The existence and uniqueness of the maximal extension (I((p),if)) follows by a 
simple argument using Zorn's lemma. □ 

Proof of Proposition \3.1\ (b). It is enough to prove the claim for I+(<p). We do this 
by contradiction. Assume that I + (<p) = [0,T + ) is bounded and 

2 2 

Wfmhi + Wmhltptxl+ffl) ^ A E f 1 ' °°)' ( 3 - 32 ) 
m=l m=l 

It follows from (jSTTJ) and (Q that 

d t (^m^ m ) = iipjypl + ed 2 )if) m - iif) m (d$ + ed 2 )ip m + A/" m ^ m + JJ^ip m . 

Thus 
d 



dt 



IV'ml 2 dx= (M m lf) m + JJZlpm) dx 



2 



[ - 2if) m if> m (d 1 A 1 + ed 2 A 2 ) + 2 ^ e m (<9M m + m A,)»ftM'j)] dx. 



i=i 



Using (13.321) and the definition of Ax,A 2 , it follows that 



2 



ll'0m||(Lfi,|ni* f )(K 2 xz + (^)) ~ (3.33) 



m=l 
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Thus, for any e > there is M = M(e, A) and a partition !+((/)) = ii U . . . U Im, 
Ii = [TJ_i, Tj), T = 0, T M = T + , with the property that 

2 

ll^|| (i i 2L i 2 /5 nL 4 t)(R2x/i) <£, I = 1, • • • , M. (3.34) 

771=1 

The nonlinear bound (I3.13P and the second linear bound in (13.91) show that, for any 
/ = 1,...,M 

2 2 
' 77i=l m=l 

As a consequence 

2 2 

sup ^ 

t€l+(4>) m=1 TO=1 

Moreover, the functions t — > (Vt(£)> fait)) converge in H ui) ~ l x H a °^ 1 as t — > T + , in 
contradiction with the maximality of i+(0). □ 

Proof of Proposition \3.1\ ( c). We need to prove that D m are covariant derivatives 
in the sense of (13.41) assuming that ip m , m = 1, 2 and v4 m , m = 0,1,2 satisfy the 
identities in Proposition 13.11 (a), Difa = D 2 V>i at t = 0, and 

fa = i(Difa + e~D 2 fa) + ^Afa + 2eA 2 fa. 

From (13.21) it follows that 

[D 1; D 2 ] = iid x A 2 - d 2 A 1 ) = i^ifafa) (3.36) 

and this is the only covariant property which can be derived directly. 
We define, for m = 1,2, 

F = Bxfa - n 2 fa, H m = T> m fa - B ip m , G m = d m A - d A m - q m0 , 

where q m o = fi^ifaipm)- The idea is to write an equation for the evolution in 
time for F which allows us, under suitable conditions on the coefficients on some 
time interval I 3 0, to prove that -F(O) = implies Fit) = for all t <E L Such 
a computation involves H m ,G m ,m = 1,2, therefore we start by connecting these 
expressions to F. 

The Schrodinger equation in (13.11) was derived starting from exploiting the fact 
that H m = 0, see (I2.19p . We can redo the computations in (I2.19l) - (l2.20p assuming 
only (13.361) and the identities in Proposition 13.11 (a); the result is 

E x = itid 2 - iA 2 )F, H 2 = -ifr - iA x )F. 

Next we want to relate G m , m = 1, 2 to F . Undoing the computation that derived 
(12~22|) from fl2~2T|) . and taking into account that fl3~36l) holds, and T> x fa-~D 2 fa = F, 
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we derive first 

2 

1=1 

Then we continue with 
Ad = A(d 1 A - d A 1 - fiQ^M) 

= ^!9 2 9(M) - fid^^F) + fiedf^F) + /2d 2 d %^ 2 ) - /^ 2 3#i^) 
= -^mtyiF) + ^ed 2 M 2 F) + ^[d^i^) + do^M - &9ftMb)] 
= -/id^U^F) + iiedlM(i> 2 F) + vd 2 L 
Based on the formulas derived above for Hi,H 2 , we compute I separately, 

I = ^(Di^V'o + ^Di^o + DoV'i^ + V'iDo^ - D 2 ^i^ - ^iD 2 ^ ) 
= S(F^) - SfiMfi) + 3(^# 2 ) 
= -^(F-^) -e<9 2 3?(F-^). 

Thus 

AGi = /xe(9 1 2 - 9 2 2 )5R(F • ^) - 2/i«9 1 <9 2 K(F • ^), 

which gives 

G 1 = -ne{R\ - Rl){^{FiT 2 )) + 2 f iR 1 R 2 (M(F : f 1 )). 
In a similar manner one obtains 

G 2 = -n(R{ - Rl){^{Fj[)) - 2iieR l R 2 {^(Fj 2 )). 

In particular, for any t & I, 

IIGilk + l|G 2 || L | < \\F\\ Ll m\\ LT + (3.37) 

We derive now an evolution equation for F. We begin with rewriting the evolution 
equation for each ip m as follows 

D ^ m = D m ^ -H m = D m (iDi^i + 2^-01 + ieD 2 ^ 2 + 2eA 2 ^ 2 ) - H m . 

From this it follows 

D F + idi) 2 - iG 2 i) X 
= Dt^DiV^ - D 2 ^i) + iGi^ - iG^i 
= DiD ^ 2 - DsDqV'i + «9oiV'2 - ^02^1 
= DiD 2 ^ - Dii? 2 - D 2 Di^o + D 2 ifi + %iV> 2 - ^02^1 
= i{d\ + e^)F + + iA\ + e<9 2 A 2 + ieA\)F + igi 2 ^ + ^01^2 - ^02^1 

= i{8l + e<9 2 2 )F + (d 1 A 1 + %A\ + ed 2 A 2 + ieA\)F. 
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We multiply the equation by F, integrate over IR 2 , and take the real part to obtain 
\jt j \ F \ 2dx = J R [H G i^2 + iG 2 ^ x )F\ + (d 1 A 1 + ed 2 A 2 )FFdx 

< (ll^lllloc + HV2III0C + II^AIUoo + \\d 2 A 2 \\ L ~)\\F\\l 2 , 

where in the last line we have used ( 13.371) . Since F(0) = 0, it follows that F(t) = 
for all t G /. As a consequence H m = G m = 0,m = 1,2, hence the full covariant 
calculus is preserved. □ 

Proof of Proposition \3.2[ As in the proof of Proposition 13.11 (b), see the proof of 
(I3.33p . we have 

2 

^ W^m^L™ L'ZnL 4 xt )(R 2 xJ) < 1 + N^j. 
m=l 

As in the proof of Proposition 13. II (b), for any e > we partition the interval J into 
M = M(e, N^ j) closed subintervals Ji, . . . , Jm such that 

2 

Yl \W m \ki?L? /s nLij(a*xJi) - £ ' i = 1, ■ ■ - 

The proposition follows by applying Lemma [3.71 below on every subinterval J/. □ 

Lemma 3.7. Assume J = [ti,t 2 ] is a compact interval and ip m G C(J : PP 70 ^ 1 ), 
m = 1,2, are solutions of the equations 

id t ip m + (<9 2 + tdl)i) m = iJ\f m , 

with Mm defined as in (13. 2ft . Assume, in addition, that 

2 

Y H^ m ll(L t 12 4 2/5 nL4 it )(iR2 x j) < £0, 

m=l 

for some 6q sufficiently small. Then there is 5q sufficiently small with the following 
property: if (4>' l7 <f>' 2 ) G PP 70 ^ 1 x H" 70 ^ 1 and 

2 

m=l 

then there is a solution (ip[,ip' 2 ) G C(J : PP 70 ^ 1 ) x C(J : H ao ~ l ) of the system 

id t i>' m + {d\ + ed 2 2 )i)' m = iAT m , Vm(*0 = C 
with defined as in (13. 2p . and 

2 

11-^-^11(^2+^/^^^^ < 5. (3.38) 

m=l 
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Proof of Lemma \3. 1\ We may assume t\ = 0. From Proposition 13.11 (a), there is 



tf 2 > such that J' = [0,t 2 ] C 7(0'). Choose t' 2 G (0,t 2 ] n 7(0') with the property 

2 

Yl \\^'m\\(LfLl 2/5 nLi^xJ') - 2£ 0- 
m=l 

By applying f!3.9p and 03.141) it follows that 

IIV'"l _ V , mll(I,12 L 12/5 nI/ 4 t)(R 2 Xi7 /) 

< C\\i) m (0) -V'm( )IUl + ^ £ ollV'm-V'mll ( ii2 i iV5 ni 4 t){R 2 xJ , ) - 

Thus, if £o is sufficiently small, 

HV'm - ^mll( L p4 2 / 5 nL^ t )(R2 xJ0 < 

As a consequence, if <5 is sufficiently small, J2 m =i \\^m\\(Ll 2 Ll 2/6 nL* t )(s. 2 xJ') 

< 3e /2. 

The function 77 : 7 + (0') — > [0, oo), 

2 

= ll^™ll(L t 12 4 2/5 nL4 it )(i; 2 x[o,t])' 

m=l 

is continuous, 77(0) = 0, and, as proved above, 

if t G I{<f)') n [0,t 2 ] and H(t) < 2e then H(t) < 3e /2. 

It follows that H{t) < 3e /2 for any t G 7(0') R [0,t 2 ]- Using Proposition O (b), it 
follows that [0,t 2 ] C 7(0') • In addition, using fl!TT4j) and fl3~9l) . 

2 2 

^J^m ~- A/ '^ll(LiL2+L*/ t 3 )(IR2 x j ) < C^O l^" 1 ~ ^ m ll(L t 12 Li 2/5 nL^ t )(R2 xJ) 

m=l m=l 
2 2 

m=l m=l 

The bound (13.381) follows, if £o is sufficiently small. □ 



4. Proof of Theorem 11.11 

In this section we prove Theorem 11.11 Given data / G 77°"° as in Theorem 11.11 we 
construct first a suitable Coulomb frame (v, w) in TfS^ and the fields <j>i, 02 G TP 0-1 . 
Then we construct the maximal solution (7(0), -0) of the modified spin system, 
using Proposition 13.11 Finally, we construct the maximal solution s on the interval 
1(f) = 7(0), by integrating the fields ip m . 

We prove now the uniqueness of the maximal solution (1(f), s). For this it suffices 
to prove the following uniqueness statement: 
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Proposition 4.1. Assume I CR is an open interval, to £ I, and s,s' G C(I : H ao ) 
are solutions of the equations 

d t s = s x M (s u + es 22 ) + S1C2 - es 2 Ci, Cm = --R m V -1 [2/is - M (si x M s 2 )], 
<V = s' x M (s' n + es 22 ) + 5^2 - « 2 C(, C = -iCV" 1 ^' ■„ (si x M s' 2 )]. 
Assume also that s(t ) = s'(to)- Then s = s' on R 2 x /. 

Proof of Proposition \4-l\ We use first Proposition 12.11 and Proposition 12.21 to con- 
struct Coulomb frames (v,w) and (v',w'), and fields fa, fa, fax, fai e : H 4 ), 
which solve the evolution equations 



id t ^ m + {d\ + e<9 2 2 )z/>m = iAf m , id t fa m + {dl + ed 2 )^ = *K 



in • 



where J\f m ,J\f^ are defined as in (12.251) . Since s(t ) = -s'(to), we may assume that the 
frames (v,w) and (v',w') agree at time t = t (by choosing t>(0,0,t ) = v'(0,0,t )). 
Thus Vv(^o) = fa m (t ), m = 1,2. The uniqueness statement in the proof of Propo- 
sition (a) shows that ip m = fa m on R 2 x /. The formulas (12T26D and jgJH) show 
that ^0 = ip'o and v4 m = A' m on IR 2 x J, m = 0, 1, 2. Finally, the linear systems (12. 5ft 
show that s — s', v — v', w — w' in IR 2 x /, as desired. □ 

We construct now the initial-data fields 4>i,fa. 

Proposition 4.2. Assume f G H a ° and Q Gl 3 ,Q - M /(0, 0) = 0, Q-^Q = 1. T/ien 
t/iere are unique C 3 functions v , u; : IR 2 — > IR 3 , 

«>/ = 0, w>^ = l, w = fx^v, v(0,0) = Q, (4.1) 
wt/j t/ie following property: if we define 

<Pm = v -^drnf + iw -^d m f, A m = w ■ ^ d m v (4.2) 
t/ien m G iy* 0-1 , m = 1,2, 

A 2 = -V^ife), Ax = V- 1 R 2 (qn), qi2 = ^{<f>M, (4.3) 

(9 1 +iA 1 )«/) 2 = (9 2 + a 2 )0 1 . (4.4) 

and, for m = 1,2, 



d m f = v^l((t) m ) + w%((p„ 

d m v = -ffiU((j) m ) + wA m , (4.5) 
d m w = -f^((j) m ) - vA m . 

Proof of Proposition \4 . S\ The existence and uniqueness of the frame v, w is a conse- 
quence of Proposition 12.11 (applied to the function s : IR 2 x (—1, 1), s(x, t) = f(x)). 
The identities (I4.1I) - (I4.5I) are derived in section [2j 
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It remains to prove that <pi,4>2 £ H ao ~ l . For this we use a simple elliptic bootstrap 
argument based on the system (14.5)) and the identities 

0m = f > d m f + iw ^ d m f, 

A 2 = -V- l R 1 (q 12 ), A, = V- 1 J R 2 (g 12 ), q 12 = ^(fafc). 
Let Q = '(1,0,0) G S M and 

2 

ll/lb-o = d ao (f,Q ) = ||/ - QolU- + ^ W d mf\\mo-i- 

m=l 

By construction, /, v, w, <f> m , A m are continuous functions on M 2 and 

2 

+ \\v\\l°° + \\w\\l°° + 5Z(H^ m ll L2nLo ° + IIAn||L*nI,'») < C(II/IIh-o)- ( 4 - 7 ) 



m=l 



For cr = 0, 1, . . . and p G [1, oo] let 

11^11^= E n^^^iu,. 

ai+(72=cr 

It follows from (ETHl) and (H~T1) that 

||9VlU 4 nL- + H^f H^nioo + ||<9 1 w||L4 nL o < Cdl/H^o). 

Using (14. 6 ft it follows that II^VmllL 2 !-^ < C(||/||#o- ) and then H^AmH^n^oo < 
C(\\f\\ B „ ). Thus 

2 

+ ^dl^^mll^nLPi + \\d l A m \\ L ^ Ln ) < C7(||/|| 5 „ ), 

m=l 

where pi = Pi(cr ) is sufficiently large. A simple inductive argument then shows that 
ll^/ll^nw + ll^ CT ^IU 4 nL^ + ||^|| L 4 nL p CT 

+ Edl^mlbni- + ||9M m || i2niPCT ) < C(||/||^ ), (4 ' 8) 

m=l 



for cr = 1, cr — 2 and p CT = pi/2 a 1 . We apply (14.61) one more time to conclude 
that Wd^^v || L 4 + lld' 70 - 1 ™!!^ < C(||/|| 5cto ). Finally, we use the first identity in 
flOD to conclude that Hd^-VmlU 2 < C(\\f\\ s „ ), m = 1,2, as desired. □ 
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4.1. Construction of the maximal solution (1(f), s). In this subsection we 
construct a maximal solution s of the initial- value problem (11.121) . Given data 
/ G H u ° , we construct a frame (v, w) and the fields 0i, 2 £ iJ " 0-1 as in Proposition 
14.21 Then we construct the maximal solution ip = (ipi,ip2) £ C(I(<p) : H ao ^ 1 ) x 
C(J(0) : i^ 1 ) as in Proposition O (a), 

«<^Vn + (d\ + ed%)ip m = iU m , ^m(O) = m , (4.9) 

where 

2 

1=1 

9i2 = A 2 = -V _1 i2i(gi 2 ), A = V- 1 i? 2 (gi 2 



2 



m,l=l m=l 

(4.10) 

In view of Proposition 13.11 (c) and ( 14. 4(1 . the identities 

Djc0m = DmV'z, diAm- dmAj = jj£$(ipiil) m ), m, 1 — 0,1, 2, (4.11) 
hold in M 2 x 1(0), where D m = <9 m + 2^4 m and 

2 

= i(DiV>i + eD 2 ^ 2 ) + 2Ai^! + 2eA 2 ^ 2 = £ e m+1 (^ m + A^ m ). (4.12) 

m=l 

At time i = 0, the functions /, t>, w, m , A m satisfy the identities 

8 m f = V^((t) m ) + w$s(<f) m ), 

d m v = -fiM(4> m ) + wA m , (4.13) 
d m w = -ffi8}(<f) m ) - vA m , 

for m — 1, 2 (compare with (14.51) ). and 

v-nf = w- lx f = v- fl w = 0, v ll v = w ll w = nf -pf = 1. (4.14) 

We define the functions C 1 functions s,v,w : M 2 x 7(0) — > R 2 as the solutions of 
the linear homogeneous ordinary differential equations 

<9 s = u3?(V>o) + w$S(if) ), 

d v = -afM(^o) + wA , (4.15) 
d w = -s/j,$t(il>o) - vA , 

where s(, .0) = /, v(.,0) and w(.,0) are defined as before (compare with (12.5(1 ) . 
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We show first that the identities in ( 14.14ft continue to hold in M 2 x 1(4)). For this 
we compute, using the definition (14.151) . 

do{v > s) = (siM(i/)o) + wA ) -n s + (t>3?(V>o) + w$$(if) )) v 

= A (w s) + 9f(V>o)(« > w) + 3?0/>o)O - M v - 1) - 5R(^o)(A iS > s ~ 
Similarly, we compute 

> s) = -A (v - m s) + 3^(-0o) (f > w) + 9f(-0o) (w > w - 1) - $s(ip )(vs - M s - 1), 
<9o0 > iw) = -//&(V>o)(u> > s ) ~~ ^(^o)(y > s) + A (w w - 1) - A (f -pv- 1), 
9 Q (//s >s-1) = 2//3?(^o)(y > s) + 2[iQ(i/; )(w - M s), 
<9o0 > u - 1) = -2/i9?Oo)0 > s) + 2A (w > s), 
<9 (w ■ li w — l) = -2n$t(if> )(w > s) - 2A (v - M iy). 

In view of ( 14.141) . it follows that 

v-fj_s = w-fj_s = v-^w = [is-^s—1 = v-^v—l = w-^w—1 = on IR 2 x J(0). (4.16) 

In addition, since sx /I v = w,wx fl s = v, and v x M w = [is at t = 0, we have, by 
continuity, 

s x^v = w, v x^w = [is, w x M s = v on M 2 x /(</>). (4-17) 

We prove now that the identities (14.131) continue to hold in IR 2 x 1(0), for m = 1, 2. 
For m = 1, 2 let X m = d m s - u3?(^ m ) - wS(Vv), = <9 m w + s/iU(i/; m ) - wA m , 
Z m = d m w + s[i^(i/; m ) + vA m . Using the definition (I4.15P we compute 

d (X m ) = d m [v^(i/j ) + w$S(iJ) Q )] - d [vU(ip m ) + w$S(tp m )] 
= v[d m ^(ipo) - <9 3£(V>m)] + w[d m Q(ip ) - <9 3(^ m )] 
+ (<9 m v)9f?Oo) + (d m w)^s(ip ) - (d v)$t,(ij) m ) - (dow)Q(^ m ). 

Using d m v = Y m + wA m — sjJk{jp m ) and d m w = Z m — vA m — s[iQ(ipm), and the 
identities (I4.15p . this becomes 

Y m ^ ) + Z m ^ ) + v[d m ^ ) ~ d ^ m ) - A m ^ ) + A ^ m )] 

+ iu[0 ro 9#o) ~ do^m) + AJk^o) - A ^ m )} 

= K m 3?(^o) + Zm^Oo) + v$t(D m i/j - D ^m) + wS(D m ^o - DoV'm)- 

Using the identities (14. lip , it follows that 

d (X m ) =Y m ^ ) + Z m ^ ). 

Similar computations give 

<9o(^ m ) = -Xmi&ttyv) + Z m A , d (Z m ) = -X m [i^s(ijj ) - Y m A . 
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Since X m , Y m , Z m vanish at t = 0, we conclude that the identities 



y rrt / 5 



d m s = vdt(ip m ) + w%(tp n 

d m v = -siiU(ip m ) + wA m , (4.18) 
d m w = -sfj3t(il> m ) - vA m , 

hold in M 2 x I ((f)), for m = 0, 1, 2. 

Using (Qgj) . (jUSD, (14371) . we derive 

2/i S ( Sl x M s 2 ) = 2/i[K(V>i)3# 2 ) - 3#i)^(V> 2 )] = -2gi2, 

thus, using (OP]) and (OPj) . 

Ci = -2A 2 , C2 = 2Al (4.19) 

Then, using < KTE\f and (HT7|) . 

s (s n + es 22 ) + S1C2 - es 2 Ci 
2 

m=l 
2 

= ^ e m+1 [w(d m M(i; m ) + A m Q^ m )) + v (-d m ^ m ) + A m ^ m )} . 

m=l 

Using (14181) and the definition (Q2]l 

2 2 
= u; ]T e m+1 (<9 m 3^ m ) + An$(W)) + v Yl £ m+1 (-d m ^m) + AJH(i/> m )). 

m=l m=l 

Therefore s is a solution of the initial- value problem (11.121) . as desired. 

We show now that s G C(I(4>) : H a °). The definition (14. 15j) and the fact that 
s, v, w are bounded at time t — show that 

s,v,w G C(I(</>) : L°°). 

In addition, ^1,^2 e C(^(0) : H^ 1 ), and, using the definition (14.101) . Ai,A 2 G 
C(J(0) : L 4 ) and d^d^A u d?d% 2 A 2 G C(J(0) : L 2 ) for any m,<72 G Z + with 
o"i + cr 2 G [l,Co — 1]. A simple elliptic bootstrap argument, as in the proof of 
Proposition I4.2[ using the identities (14.181) for m = 1,2, shows that 

d lS ,d 2 s G C(I(0) : H^-^.dlv.dlv.dlw.dlw G C{I{<j>) : H a °~ 2 ), 

as desired. 

Finally, using again the identities (I4.18P and (I4.16p . we compute 

2 2 

m=l m=l 



28 



I. BEJENARU, A. D. IONESCU, AND C. E. KENIG 



It follows from Proposition 13.11 (b) that 

if I + (4>) bounded then || \Ds\ \\ L * ^xi + (</>)) = °o> 
if I- ((f)) bounded then |||Z)s||| L 4 (%?xi-((j>)) = 00 • 

In particular, the solution (1(0), s) is a maximal solution in the sense of Theorem 
11.11 This completes the existence part of the proof. 

5. Proof of Theorem 11.21 

Given / G H a ° and Q G M 3 with Q /(0,0) = 0, Q ■„ Q = 1, we define the 
frame (v,w) and the fields 0i,02 £ H aa ~ x as in Proposition 14.21 We would like 
to understand first how the functions <ft m depend on the choice of the point Q. 
Assume Q' G R 3 , Q' /(0, 0) = 0, Q' Q' = 1 is another point and construct the 
corresponding frame (v',w') and the differentiated fields cj)' m , m—1,2. Then 

v = v cos x + w sin x, w' = —v sin x + w cos x, 

for some x £ C ,1 (M 2 : R). A simple computation shows that A' m = w' d m v' = 
A m + d m x- However A m = A' m , since the connection coefficients A m are defined 
canonically in ( 12. lip , thus 

X = constant on M 2 . 

It follows from the definition (14.21) that 

4>' m = z(fi m , m — 1,2, for some constant z G C with \z\ = 1. (5.1) 

To summarize, at the level of the fields <p m , the change of the base point Q leads 
to the simple transformation law (15. lft . Similarly, if g G C 3 (J : if " ) for some open 
interval / C R and the fields ip m , m = 0,1,2, are defined as in Proposition 12.11 
using a global Coulomb gauge, then the change of the base point Q leads to the 
transformation 

ip' m = zip m , m — 0, 1, 2, for some constant z G C with \z\ = 1. (5-2) 

We can now define the semidistance d 1 : assume /, /' G H a °, fix Q,Q' G M. 3 , 
Q-nQ = Q' > Q' = 1, Q > /(0,0) = Q' > f (0,0) = 0, and define frames {v,w), 
(v',w') and differentiated fields 4> m ,(j)' m as in Proposition 14.21 Then, we define 

d\f, /') = iof [\\zfa - + ||^ 2 - 2 ||i 2 ] 1/2 - (5.3) 

Similarly, given an open interval I, a point to ^> an d <7j</ £ C 3 (I : H a °), fix 
Q, Qf ER 3 ,Q-^Q = Q 1 > Q' = 1, Q p(0, 0, t ) = Q 1 g'(0, 0, t ) = 0, and define 
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frames (v,w), (v',w') and differentiated fields ip m ,ip' m as in Proposition 12. f [ Then, 
we define 

p){g,g') = inf [\\zipi -fi\\l T Li^xi) + 11^2 - ^ 2 |li rL 2 (R2x/) ] 1/2 

i/2 ( 5 - 4 ) 
+ urf [||^i - ^ilL* t(R3xJ) + ||^ 2 - V 2 ||i4 t(K2x/) ] . 

In view of the discussion above, the definitions (15.31) and (15.41) depend only on the 
functions /, /' and g,g' respectively (in the sense that they do not depend on the 
choice of the points Q, Q') and clearly define semidistance functions on H a ° and 
C 3 {I : H a °) respectively 

The identities and the inequality in fll . 13j) follow from the definitions and the iden- 
tities (14 .5p and (I2.15P respectively. Theorem 11.21 is also an immediate consequence 
of Proposition 13.2} the construction in subsection 14.1} and the observation that if 
ip = (^1,^2) is a solution of the initial value problem (13.ip - (l3.2p corresponding to 
data = (0i,02), then zip = (zipi, zip-i) is also a solution corresponding to data 
zcj) = (z0i, z<p 2 ), for any z G C with \z\ — 1. 

We prove below several additional properties of the semidistance function d 1 . It 
is not hard to see that the semidistance function p\ also satisfies similar properties. 

For r > and p G M 2 we define the maps S r , T p : H a ° — > H a °, 

(6 r f)(x)=f(rx), (r p f)(x) = f(x+p). 

We define the connected Lie groups G M , \i = ±1, 

G M = {Oe M 3 (R) : t O- V ,-0 = Vfl , det(O) = 1, O ■ *(1, 0, 0) G 5^}. 

Thus Gi is the orthogonal group £0(3) and G_i is the Lorentz group SO (2, 1). We 
observe that if O G G^ and i,i/6l 3 then Ox-^Oy = x-^y and Oxx^Oy = O-^xx^y) 
(this last identity requires det(O) = 1). Given O 6 G M we define Ro '■ H a ° — ► IP" , 

(R f)(x)=0-f(x). 

Proposition 5.1. faj For any r G (0, oo), p G 1R 2 ; O G G M; and /, /' G i? CT0 

d\S r f,5 r f) = d\fj'), d\r p f,r p f) = d\fj>), d\Rof,Rof) = d\f,f). 

(5.5) 

In addition, 

d l {f-, /') = «/ and on/?/ if f = Rof for some matrix O G G M . (5.6) 

(b) The mapping (f,f) — > d 1 (/, /') continuous from (H a °,d ao ) x (H cr °,d ao ) to 
[0,oo). 

Proof of Proposition 15. 11 The identities (15.51) are straightforward consequences of 
the definitions. Also it is easy to check that d 1 (f, Rof) = if / G if " and O G G M . 
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Thus, for ( 15. 6p . it remains to prove that 

if d\f, f) = then /' = R f for some O G G M . (5.7) 

To prove this, we notice that the infimum in (I5.3P is attained (since the function in 
the right-hand side is continuous in z). Thus, if d}(f, f) = then there is zo G C 
with \z | = 1 such that 4>' m = z <p m , m = 1, 2. It follows from (14.31) that A' m = A m , 
m = 1, 2. By rotating the frame (v, w) (see the discussion leading to (15.11) ). we may 
assume that z = 1. To summarize, we have triples (f,v,w) and (f',v',w') as in 
Proposition 14. 2\ with the property that the coefficients m and A m (see ( 14.21) ) agree 
with the coefficients 4>' m and A' m respectively. Then there is a unique matrix O G G M 
such that 

i2o/(0,0)=/ / (0,0), R o v(0,0) = v'(0,0), R o w{0, 0) = w'{0, 0). 
Let 5f = f - R f, 6v = v'- R v, 5w = w' - R w. Using Kty 

d m (5f) = (5vM<p m ) + (5w)Q(<p m ), 
d m {8v) = -(5/>3*(0 m ) + (5w)A m , 
d m (5w) = -(6f)fjQ(<p m ) - (5v)A m 

on M 2 , for m = 1,2. Since Sf, Sv, 5w vanish at (0, 0) it follows that Sf vanishes in 
M 2 , as desired. 

We prove now part (b). Since d is a semidistance, it suffices to prove that for any 
/ G H a ° and e > there is S = S(f, e) > such that 

if /' G H° Q and <(/, /') < S then d\f, /') < e. (5.8) 

Given /, /' as above we fix Coulomb frames (v, w) and (?/, w') as in Proposition 14.21 
with |t>(0, 0) —v'(0, 0)| < S, and construct the fields m and 0^. Since / is bounded, 
there is iV = N(f) > 1 such that 

ll/IU- + ll/'IU- + IMU» + IKIU- + HU» + IKIU°° < (5.9) 

Also, since <p m = v-^dmf + iw-^d m f and <p' m = v' -^dmf + iw' ■ ^d m f\ it follows from 
(15.91) and the definition of the distance d ao (see ( II .9p ) that there is R — R(f,e) > 1 
such that 

2 

/J(ll0w||£g({|g|>it}) + H^mlU^MXR})) < ^/ 4 - 
m=l 

Thus, for (15. 8p it suffices to prove that 

2 

~ 0m|U°°({H<fi}) < 5, (5.10) 

m=l 

where the implicit constant in (I5.10P is allowed to depend on e, N, R. 

Recall that the functions m 0; and (j>' m 4>'i, m,l = 1, 2, do not depend on the choices 
of the frames (v, w) and (v', w') respectively (see the discussion at the beginning of 
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section [2]). Therefore, by working with local frames (v,w) and (v',w') satisfying 
(15.91) and \v — v'\ + \w — w'\ < 5, it follows that 

2 

Yl Wfimtt ~ 0m0/||(^ni-)(K2) < 5. 
m,l=l 

As a consequence, 

2 

J2\\A' m -A m \\ L ~ <S. (5.11) 

m=l 

We prove now the bound ( 15.101) . We use the differential equations 

d m v = -fif ■ t d m f •%-v+(f v)A m , m = 1, 2, 

see (I4.5p . and the corresponding equations for v' . We take the difference of the 
equations and use (15 . 1 1 [) and the bounds |/' — / | < 6, \d m f — d m f\ < 5 to conclude 
that 

\dm(v'-v)\<\v'-v\ + 5, m = l,2. 

Since |u'(0, 0) - v(0,0)| < 8 it follows that |u' - u| < 5 in the ball {|x| < R}. The 
bound (CTD follows. □ 



6. Reduction to the Davey-Stewartson II equation 

It is well known that the Ishimori system, which corresponds to e = — 1, is related 
to the Davey-Stewartson II equation, at least in the focusing case \i = 1. In this 
section we derive this connection explicitly, starting from our modified spin system, 
see Proposition 12.21 Recall the formulas 

gia = tiQ{iM£), M = -V -1 i*i(gi 3 ), At = V- 1 R 2 (qn), 

2 2 

A = n e m+1 [RiRm^iWrtm)) + 2| Vr'R^iA^Jpi)} + | £ e m+1 |^ |2 



m | j 



m,Z=l m=l 

and the equations 

id t ipm + (3? + td\)i) m = iAf m , 

2 

M m = -iA ipm + J2 e ' +1 [M-Qmi + 2<9 m A ; ) + 1p m (-diAi + %A 



(6.1) 



(6.2) 



i=i 
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Assume in this section that e = — 1 (the Ishimori system). In this case we expand 

2 1 2 

Mo = £m+1 [RiRm{M(Wii> m )) + 2\v\- 1 R&(A m ^ m W l )} e m+1 IVU 2 



m,l=l 



m=l 



2 2 2 



m,l=l 



1 



m=l 



ml=l 



Rim 2 ) + hn 2 - hn 2 + 2 fl ^m^r^ . ^ 



m,(=l 



-(it!? - i? 2 )(|^i| 2 + |^ 2 | 2 ) + 2 /U V- 1 i? 2 (A 1 g 12 ) - 2 f iV- 1 R 1 (A 2 q 21 ) 

= ^(R 2 -R 2 2 )(\H 2 + \H 2 ) + ^- 2 f 

where, using the Coulomb condition d x A x + d 2 A 2 = 0, 
F = 2d 2 (A x q X2 ) - 2d x {A 2 q 2X ) = 2d 2 (A x d x A 2 - A 1 d 2 A 1 ) + 2d x (A 2 d x A 2 - A 2 d 2 A x ) 
= 2d 2 [d x {A x A 2 ) + A 2 d 2 A 2 - A 1 d 2 A 1 ] + 2d 1 [-d 2 {A 1 A 2 ) - A 1 d 1 A 1 + A 2 d x A 2 ] 
= A(Al-Al). 

Thus 



A Q = ^{Rl-Rl){\U + m 2 )+A\-Al 



(6.3) 



We compute now, using (16.21) 



iMi = A ip x + iip x (-d x A x + %A\ + <9 2 A 2 - iA\) + iip x 2d x A x - iip 2 (-q X2 + 2d x A 2 
= fa ■ ^{R\ - R 2 2 ){\fa\ 2 + |^ 2 | 2 ) - %^ 2 {d 2 A x + d x A 2 ) 



a 

2 L 



fa • (Rf - R 2 2 )(\H 2 + \H1 + #2 ■ (Rf - R 2 2 )(2 m2j 

Similarly, 

iM 2 = A fa + ifa(-d x A x + %A\ + <9 2 A 2 - iA\) + ifa{-q 2X + 2d 2 A x ) - ifa2d 2 A 2 
= fa ■ ^(Rf - R 2 2 )(\fa\ 2 + \H 2 ) + iiki&iAi + d x A 2 ) 



2 L 



fa ■ (r{ - R 2 2 )(\fa\ 2 + \fa\ 2 ) - #1 • {R\ - Rl){2mi2) 



Thus the system in the first line of (16.21) becomes 

{id + dl- d 2 )fa = ffa + igfa, {id + d 2 - d\)fa = ffa - igfa, 
f = (n/2)(Rl - R\)i\fa\ 2 + \fa\ 2 ), g = (fi/2)(Rj - R 2 2 )(2fig 12 ). 
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Finally, we observe that 



f + g = (»/2)(Rl - BD(\^\ 2 + \H 2 + JKJffoM*)) = W2)(i?? - i? 2 2 )($+$ + ), 
f-g= (v/2)(Rl - R 2 2 )(\H 2 + M - = (A*/2)(i2? - R%)($-$Z). 



This is the Davey-Stewartson II equation. 

In other words, in the Ishimori case e = — 1, the modified spin system derived in 
Proposition 12.21 can be simplified algebraically to the Davey-Stewartson II equation 
( 16.41) . which holds for both functions <&± = ipi ± iip2- This can be used to simplify 
the analysis of the modified spin system in section [31 in the case e = — 1. Using 
inverse scattering methods, it is known that the defocusing Davey-Stewartson II 
equation admits global solutions for H a °~ l data with suitable decay at infinity (see 
[13]-[T5]). The analysis in subsection 14.11 shows that this leads to global solutions 
of the original defocusing Ishimori system. More precisely, we have the following 
large-data global regularity theorem: 

Theorem 6.1. Assume cr = 10, fi = e = —1, and f G H a ° . Assume, in addition, 
that f is constant outside a compact set. Then there is a unique global solution 
s G C 3 (1R : H a °) of the defocusing Ishimori initial-value problem 

J d t s = s x M (sn + es 2 2) + si( 2 - es 2 &, Cm = -RmV^ftfis - M (s 1 x M s 2 )], 



In this section we prove Proposition 12. II The idea is to construct the frame (v, w) 
as the unique solution of the ODE (I2.15p . The main step is the following lemma. 

Lemma A.l. Assume s, to, and Q are as in Proposition ^. 1\ Then there is a unique 
function v G C 1 (1R 2 x I : M. 3 ) with the properties 




(6.4) 



s(0) = f. 



Appendix A. Proof of Proposition 12.11 




m = 0,1,2, 



(A.l) 
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Proof of Lemma \A.1\ We may assume to = and observe that the first equation 
in flA.ip is consistent with the corresponding equation in (|2.15p . since 9ft(-0 m ) = 
v-^d m s = t d m s-T] fl -v and w = s x^v. The equations are of the form d m v = B m -v, for 
some continuous matrices B m , which gives the uniqueness of v. To prove existence, 
we define first v(x\, 0, 0), x\ G R, by solving the linear homogeneous ODE 

diV = -iis- t d 1 s-r] lx -v+(sx lx v)A 1 , u(0,0,0) = Q. (A. 2) 

The function v(., 0, 0) is a well-defined C 1 function on R. Using the equation, 

<9i(s > u) = <9i(*s -r/^-v) = *9 x s ■r] lJ ,-v + t s-r}^ - [-/is ■ *<9 x s • ^ ■ u + (s = 0, 

thus s(xi, 0, 0) f (xi, 0, 0) = for xi G R. Using the equation again 

di(v v) = di^v ■ rip ■ v) = 2 f v ■ ^ • [-us ■ ■ r]^ ■ v + (s x^ v)A ± ] = 0, 

thus v(xi, 0, 0) v f (xi, 0, 0) = 1 for x\ G R. 

We extend now v to R 2 x {0} by solving the linear ODE, for every X\ fixed, 

d 2 v = -fj,s ■ t d 2 s ■ r] M ■ v + (s x M v)A 2 , (A.3) 

with v(xi,0,0) determined before. The same argument as before shows that 

v - M s = and v li v = l on R 2 x {0}. (A.4) 

We prove now the identity 

div = -/is ■ t d 1 s ■ rip ' v + ( s x a* V )A\ on R 2 x {0}. (A.5) 

Let X = div + lis ■ t dis ■ rj^ ■ v — (s x^ v)A\. In view of (1A.2[) 

X(xi, 0, 0) = for any Xl G R. (A.6) 

Since v - M s — and v v — 1 on R 2 , it is clear that i> X = on R 2 . Also 

s -pX = t s -Tin' [div + ixs ■ t d 1 s ■ r)n ■ v - (s x M v)A x ] = d^s •r] li 'v) = 0, 

on R 2 x {0}. Let w = s x^v, and observe that, as a consequence of (1A.4I) . 

w v = w s = w w — 1 = 0, v x^w = /is, w x n s = v. (A. 7) 



For ( 1A.5I) it remains to prove that w X = 0, which is equivalent to proving that 

l w ■ rjf, ■ div - A x = on R 2 x {0}. (A.8) 

Using flA.31) . we have 

d 2 w = d 2 s x^v-vA 2 = -fisQfo) -vA 2 on R 2 x {0}, (A.9) 
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where, on R 2 x {0}, m = v - M d m s + iw - M d m s, m = 1,2. Thus, using also ( 1A.3I) and 
the definition (IgjTTl) . 

d^w ■ T),, ■ div - Ai) = t d 2 w ■ rj^ • d x v + l w • r/ M ■ d t d 2 v - d 2 A 1 

= -/iS(0 2 )'s • r? M • + t w -r]^- di(-/is ■ l d 2 s ■ ^ • v + wA 2 ) - d 2 A x 

= uSSfoYv ■ ^ ■ d lS - ■ ^ ■ ^a)^ • ^ ■ d 2 s) + d 1 A 2 - d 2 A x (A.10) 

= //5(0 2 )&(0i) - fJLQW&ifa) + d x A 2 - d 2 A X 

= 0. 

The identity (IA.8I) follows since ('«; ■ 7/ M • d\v — Ax)(x\, 0, 0) = 0, using (IA.6I) . This 
completes the proof of flA.5j) . 

Finally, we extend the vector v to R 2 x I by solving the linear ODE, for every 
(xi, x 2 ) fixed, 

d v = -fis ■ '<9 s ■ ■ v + x M v)A , (A. 11) 

with v(xi,x 2 ,0) defined earlier. As before, it is easy to see that 

v • n s — and v - M v = 1 on R 2 x /. (A. 12) 

It remains to prove the identities 

d m v = -fis ^dmS ■ i]^ ■ v + (s x /1 v)A m on R 2 x /, (A. 13) 

for m = 1, 2. For this we let F m = d m v + /is • t d m s ■ r/^ ■ v — (s x^v)A m , m = 1,2, and 
observe that v-,jY m = s-^Ym = 0, as a consequence of (1A.12I) . A computation similar 
to flA.lOj) (using the definition (12.111) of the coefficients A m ) shows that w -^Y m = 0, 
where w = s x^v. This completes the proof of the lemma. □ 

We complete now the proof of the proposition. Let w = s x M v, so 

w-fj,v = w-ftS = w-^w— 1 = 0, vx^w = ns, wx^s = v, onR 2 x/. (A. 14) 

Let ip m = v y d m s + iw d m s, m = 0, 1,2 . Using ( 1A.14I) . d m s = v$t(if) m ) + w^(ifj m ), 
thus using (1A.14I) again and Lemma [A. II 

d m w = d m s x M v + s x M d m v = -//s$(/0 m ) - vA m on 1R 2 x I, 

for m = 0, 1, 2. The identities fl2TT5|) follow. The identities f[2TT3]) and fl2TT4"j) follow 
from (IA.14P and the identities ([2715]) . 

A simple bootstrap argument using the fact that s 6 C 3 (/ : H a °), as in the proof 
of Propositions^, shows thaiv,w G C 3 (R 2 xf : R 3 ) and that ^0,^1,^2 e C(J : if 4 ). 
This completes the proof of the proposition. 
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